Based on R. W. Gosper's q-trigonometry and his conjectures, we give new formulae for some specific values of the Jacobi theta function of index one. The calculations strenghten Gosper's conjecture on his addition formulas.
Introduction
We shall prove -among others -that the theta function ϑ 1 (z, q) = is connected to Gosper's q-sine function sin q : iϑ 1 (iz ln q, q) = q −z 2 (q; q)
sin q π 4
can be evaluated easily, so for the special case z = 1/4 we will get that iϑ 1 1 4 i ln q, q = ( √ q; q) ∞ (q; q) Latter identity uses Gosper's conjectures on the addition formulas of the qsine and q-cosine functions. Mathematica calculations show that the left and right hand sides really coincide thus this can be considered as a certificate of the conjectures. Gosper [2] defined the q-sine and q-cosine functions as
with (x; q)
Gosper's conjecture is that these functions satisfy duplication formulas similar to the classical ones [2] :
Here
We shall use these relations as true statements. For example, formula (3) seems to be true with any floating point precision. This strenghten the conjectures (6) and (7) of Gosper.
In our proofs we use the q-Gamma function [1]
There exists a simple connection between the q-sine function and Γ q [2] :
This generalizes Euler's reflection formula
where Γ is the Euler gamma function.
Having these notions, we present a proof of (2).
The proof of (2)
The definition of Γ q immediately gives that
The denominator can be rewritten via Jacobi's triple product identity [1, p. 15]:
Thus we get that
Realize that if z = log q (q/y) and y = q 2z−1 . Hence
The special value
and equation (10) yield the remarkable summation formula for sin q :
The sum on the RHS can be easily transformed to the theta function ϑ 1 :
On the other hand, definition (1) gives that
If we choose y = i(1 − z) ln q, then
This and (12)- (13) gives that
Then a straightforward rearrangement and substitution z = 1 − z give our desired formula (2) . (We remark that ϑ 1 can be transformed to the other theta functions ϑ 2,3,4 , so we can also have formulae connecting sin q to these functions.)
Special values for sin q
In what follows we derive an expression for sin q (π/4) and sin q (π/8). The first one (together with (2)) will imply (3) at once.
We have
Latter identity shows that we can not wait for a simple closed form expression for sin q (π/2 n ) (and sin q (kπ/2 n ) in general). However, (15) tends to
, which is sin(π/8) (this is true, because S → 2 if q → 1−, see the duplication formulas).
In order to prove (14), we put z = π/4 in (6) and (7). Since sin q (π/2) = 1 and cos q (π/4) = 0 (see the definitions), we easily have that
According to the definition of S, a simple algebraic manipulation proves (14).
As an interesting corollary, (14) and (10) (together with (11)) yield the curiuous product formula
This is the q-analogue of the classical product
Finally, we deal with (15). We apply our duplication formulas for z = π/8:
Since cos q (z) = sin q (π/2 − z), we get that the left hand sides coindice, and cos q 2 (π/8) = sin q 2 (3π/8). Thus
Since sin q (z) = sin q (π − z) (0 ≤ z ≤ π), the duplication formula for sin q with z = 3π/8 easily gives that is surely positive, the only one solution will be exactly (15).
